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SuUmMmary

Storm surges of the North Sea are studied by means ol 8

simplified mathematical model which 18 described by linear

partial differential equations that can be solved by analytical
methods . The problem 1s also golved numerically by using difference
eguations. The results obtained by pnotn methodb are 1n perfect
agreement, which provides us with a check of the adequacy of
ei1ther method.

The numerical method s 8lso avnplired cto more complicated models.

The research on the hydrodynamic behaviour of the North Sea
was started by the Amsterdam Mathematical Centre snortly after
the renowned storm surge of l'ebruaery “1st 1953 . Under the
supervision of the late Van Dantzig the appliec mathematTics
departmant concentrated 8ll efforts on the study oif simplified
analytical models. The foundstions of this research were laid
by H. Poincaré (1) and G.I. Taylor (2). a number of papers
and reports the Mathematical Centre gave a further development
and extension of the theory. We mention & report given DY
Van Dantzig (5) at the international congress of mathematiciant
at Amsterdam 1954 snd a paper by the same nuthor (6) offered at
the GAMM conference at Saarbricken 1955. Viork of the Mathematl-
cal Centre is8 also contained in the final report of the Delte
Committee (7). A systematic account of the resesrch of the
Mathematical Centre is given in a series of papersin the
Proceedings of the Kon.Ned., Ak. v. ¥Wet. of Amsterdam (also
published in the Indagationes Mathematicae) under the general
heading "The North Sea Problem”.(CfQ the biblicgraphy at tThe
end of this paper.)



In this paper we shall consider some recent results obtained
in connection with the egnalytical model of a rectangular shallow
bay which at 1t8 open end 1s connected T©o an ocean and which 1is
bounded by three coasts. In the anelytical model the depth is
raken consitant. Hurther the ocean 18 asgumed to nave an infinite
depth. As we shall see This model meay give a falr description
of what 1s going on in the North osea when 1T 18 subjected to s
stormflield. Of course local effects such as the influence of the
Channel and the kattegat are left outv of consideration.
Also the astronomical tide 18 disregarded,

The gnalytical modcael may be described by the well-known

linearized hydrodynamic equations

o . ] 33- T{ - <7 |
(1)
DE - AV +Lu + E‘;h 1; - V(X;yﬁt)ﬁ

and the equation of continuity

2u ., dv . 23 _
(2) 5x Ty ot~ Y-

Ihe region 1s described by Osxsa , 0gvs$sb where x=0, x=a,

Jy=U are coasts and y=b 1s the onen end at the ocean.
'he boundary conditions are

u=0 for X =0 and xX=a,
(3) v=0 for v =0
7 =0 Tor V=D
here we shall consider only the case of a uniform "northern'
wind
(4) U=0 V=V{(t).
It 1s assumed that for € —+ -00 &1l cenendent varisbles Tend To

<€ro exponentially with the time. Then we may apply the techni-
que of Laplace transformstion 1n the sense of

CO

(5) T (x,¥,0) - [ ept T(x,y,t)dt.

QO

In view of the linearity of the model we may take

(6) V(t) = - J(t)
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without loss of generality.

Physically this 18 a momentary disturbvance of tThe sea surface by
a sudden stress from the north.

Postponing the caecails for a while we eventuslly arrive at o
solution *nﬁxﬁyjp) holding o course for the particular wind-
f1eld (4) and (6). However, if we talke

(7) v(t) = - ¢(t)
with an arbitrary tTtime function Tthe sclution becomes gsimply
Y= 5 (x,7,0) ¢(p). Inversion of (5) gives
| | g N~ —
(8) 50y, t) = o [ €7 (x,5.0) p(v)ap,

with @ vercical path of i1ntegratction i1n the complex p-plane. By

this inversion formule the determinetion of ¥ is reduced to the
calceculation r the poles o K and @ and tne correspondng residues
In this paner we shall consider the following cases

s) Exponential windfield
P4 v SV

(9) (P(D) = C"q S ~ Cg S 5
With posicive ccmmﬁnnﬂxaﬁJqﬂ Crs Pas Po-

b) Unit-step windfield

(10) (P(E) _ {O f'or © <0
’ for t »0

c) Step-sine windfield

(/l,}) (P(t) _ {U I'or T <O

it ffor € O

I the first case thne i1nversion fformula glves simply

pqt pgt

(12) S(x,y,8) = o T (x,v,pq)e - cp T (x,7,05)e

S0 that we need to determine the Laplace transform of K for two
particular values of » only. As we shall show below this calcu-
lation can be performed gquite accurately.

In the second and the third case, however, we need some
knowledge of the analytic behaviour of f&(xﬁyjp)nUnfortunately'
it 18 not possible to obtain an explicit expression of this
function . fHowever, 1t has been found possible by a process which
is described in deteil in N.5.P. VI to obtain a fairly good
approximate analytical expression for ?;(%aﬂoﬁp) i.e. at the
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mid-point of tThe "Duteh' coast y=0 corresponding roughly to the
position of Den Helder. The analytic behaviour of tThis
approximation which we shall dgenote Py Z(p) is very similar o
that ofl Koﬂﬁagoyp)j the agreement being best near p=0. In
particular the analytical approximation enables us Tto defermine

gy

the lowest eigenvalue of the rectangular bay. 1T Tturns out That

this eigenvalue 1s a small real negative number. This means that
the lowest free motion of this North Sea model i1s not a (slightly
damped) oscillation but a pure damping.

The snalytical solution has been worked out with the rollo-
wing numerical constants corresponding to realistic physical
data in connection with storm surges of the North oSea
-7
-]

a = 400 1m L. = 0. 44 hr
b = 300 %m A = 0,000 hr
For the constant depth we take the harmonic mean of the depth

of the North Sea which equals approximately

h = 65 m.,
In our calculations we have introduced a natcturdg: unit of length
a/® @and a natural unit of time

;E\ji—-——-- = 7 aLl- nr .

Zhn
This means that a and b can be replaced by 7© and 27
Further the corresponding values of £ and A can be taken as
2= 0.6 and A= 0.12. Unless specitil1ed otherwise we shall use
from now on only these natursel unicts. Then we have also \/Eg—l’-l-ﬂ’l
1.€. The unit of velocity is determined by the speed of propaga-
Cion of The free waves. As regards the windfields a,b,c we
always Take max !V) = 1. In order to see what this means we take
Che uniform and stationary windfield U=0 V

|

-1. The corresponding
statlonary situation is cecasily obteined from the equations (1)
by putting u=v=0. The solution is simply

(/13) jst(x-"y) = 27 - J e

Hence at the "Dutch" coast an elevation of 6.258 units is
obtained. If we connect the stress at the surface with the
velocity of the wind at the surface Vg in m/sec it can be

derived (cf. NSP VI section 2) that for the value of'qu41 m/sec
the unit of the elevation is exactly one meter. In other words



£
(15) ¥ o.(x,0) =6.28 (V_/41)7 meter.

For a realistic storm with V. = 35 m/&ec we obtain e .g.

.
E“D -

.

T
S = 5,00 I,
I'-Jt

For the first windfield we tsaske the nwumerical case

C = Q.27 o= U.,2 C
D = (. 172 O o= O /1*3a
A =0

This windfield ig represented graphicselly in figure 1. 1T
a

s1ow rise

-
-

T E
represents a storm lasting for about 1: deys with
e

- -r

and & sharp decline. Beyond t = 27 tThe functilon (Q) assumes
very large negative values so that all nhysical recality 1s lostT
there. Therefore all calculations carried out for this wind-
field have to be stopped at this point or soon thereafter.

The second windfield may tell us in what way tne statlonary
situation 1is approsched when at ¢t = C everything is at rest.
For the third windfield we take ¢ = C.1. A gemi-period of tThe

sine represents a storm lasting about 44 hrs. By this a very
reasonable model of a storm is obtained. Later on when discus-
sing the numerical solution of the problem obtained by purely
numerical methods we schall see what happens when w is varied.

lle shall now outline tne way 1n which the analytical solu-
tion is obtained. Starting from the ecquations (1) and (2) we
find by performing the Laplace transformation (5) the set of
equations

(p+NUT -V + 5. =707
S

(15) (p+2)v  +au + Ty =V
UK -}- V.y + 3 = (0,
Taking the momentary windfield (4) and (6) meaning that U = O
and V =- we obtain by eliminstiocn of T &nd v the illelmholtz
equation
| - T 5 B
16 1- - kT T =0
where
(17) K< = p(p+n) + L B

with the boundary conditions



J#

l"
-0 -

(D+2) Kx 1 Q(Ky-!—’l) = C for x=0 and X=7C

(18) - 7, + (p+) (§y+1) = C for y=0

£

S~

T = O for y=27°
Tt is possible to solve this problem hy an expansion wnhich

. , , “ .ol _ -3 " 7/
contains two Kelvin waves and two infinite sets of Poincare

Waves
— a . P |
K(Xﬁyglﬁ) = pFA é’%%ﬁ;c?‘)_ + AOSh iS(X“‘%W)“QY}' T
@a -y
(10) + zxoc,h { (%~ 70) “C{J} __ Aq( S 1N nx*-%r‘incos nx )e +
1C =" “
Q0 -v _(2r-y)
Z X ----encoss nx)e 5
where
) s ‘* 1/ 2 2 +A 1N
(ZU) s = LKL ﬁ_)_?\ 5 d = [’JL'{" N O Hn = | n‘:'-{*f'c. 5 @n:"-- "mp'a “';;u

The unknown coefficients Aq andib are determined by The condi-
L
tiong at y=0 and y=b. They lead to two sets ol linear eguations

of the Type

where the order terms contalning the contribution of the Poin-
caré waves at the opposite boundary are almost negligible,
Inese equations can be solved only numerically. In NSP VII the
calculations are carried out explicitly for the two values

p, = 0.72 and Py = O, 10,

kventually we arrive at the focllowing values at the widpoint of
the "Dutch'" c¢oast

L

(2w, 0,p,) = 4.4 Y(Im,0,p,) = 3.46.

-y,

Substitution of these values intoe (12) gives the elevation at
(£%,0) as a function of time. This is shown in figure 1 where
it is compared with the quasi-stationary elevation 2w ¢(t) i.e.
the elevation which we would obtain 1f at any moment The sea is

in its equilibriumn position with respect to the windstress at

that time, The same figure contains also the elevation for «L2=0,

i1.e. with absence of the Coriolis force, We note that for L = O

the {ollowing explicit expression can be derived qulte easilily

- tanh 27
(22) S'(X,o’p) — M
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Using the expression (19) a great number of values of Y(x,y,t)

have been calculated. From these data a nunber o1 plctures

(figure 2) have been drawn showing lines of egual elevation at
the instant t = O (73) g™ It 1s of interest t. note that this

rather simplified model gives, at least qualitatively, & rather
good pilicture o1 tThe true pattern of the North Sea surface,
(cf. Corkan (3) and Rossiter (4)).

It has already been sald that the eguations (21) cannot be
solved analytically, However, 1T haz been found possible to
obtaln approximate analytical expressiong {for the coefficients
!%1 (1=0,1,2,...) and 5_. osubstitutzon of these expressions in
(19) gives fﬂm‘y"()iiﬂijIJlJVWLPh restlt

(22)  T(x,C,p)w=w

It can be shown that this apprcecximation is best at the mid-point
(31, 0). The lowest eigenvalue of the model corresponds with the
lowest pole of Z(p) 1.e. p%}x:w-ﬁkiﬂﬂé oy -0, 0073 hr“qh

By using (&) with the approximation (=3) the response at
y=C (say at x = 3v0) to the windfields (10) and (11) can be
determined by standard methods. For the step-~function windfield

we have obtained

(24) Y(5m,0,8) 8 21~ 0.77

The graph of this function is gilven in figure 3 together with tne
O and A =8)x= Q,
For the step-sine windfield we have obtained (see figure 4 )

(25) E;(%w,o,t);ﬁ 5,33 sin w(t-3.9) + 0.37 e_U'Q(ut + L.

}

corresponding graphs for the cases L&

figures 1 and 4 lead to the assumption that a falr prediction
of the maximum elevation at ('r,0) i1s obtained by taking the
stationary elevation 2w cocrresponding to The windnaximum
max -V} = 1. In fact the exact numerical values are as f[ollows.
Frr the exponential windfield we have max 3‘- 5.90 and for the
Stepwslne windf'ield max E"m 5.03. Moreover, we observe that the
elevation Y (5m, C,t) imitates the wind-function w(t) with a
time-lag of about 5 hours. This 1s 1n agreement wilnh the
observations in nature,

The analytical treatment has already furnished us much
insight into the hydrodynamics of a storm surge, yet 1is deficient
in two respects. First, although this 1s not an essential



restriction of the method, ocur treatment considers only uniform
windf'ields. Second, and this restriction 1s essential, the
nmethod applies only to the idealized case of a uniform depth.

Quite recently the North Sea problem has been attacked
anew DYy purely numerical means. Thils attack was made possible
by having at ocur disposal the electronic computer X1 which was
put 1nto use at the pdathematical Centre in the beginning of
1900,

Our first objective was to check the results obtained by the
analytical method. Therefore we have considered the problem
(1) (2) and (3) for an arbitrary bottom profile with a fairly
general windfield depending on X,y and t, but still for a
rectangular sea,

For the numerical treatment we use the system (1) (2) with
the boundary conditions (3). At first the equations (1) and (2)
are approximated by

u(x,y,t+4at) = (1-=at)u(x,y,t)+2at v(x,y,t) +
(26) + AT {U(X,y,t)_gh Ex(x,y,t)}
(1-2at)v(x,y,t)-2a t u(x,y,t) +
and T A T ‘{_'V(X:y:t)“gh S‘y(}{,y,t)},

(27) T(x,y,t+at) =5 (x,y,t) - atju (x,y,t+ At)+vy(}c,y,t+at)}.

|

v(ix,y,t+aAat)

The next approximation consists in replacing the partial
derivatives with respect to x and y by suiltable differences. The
essential problem is to set up a difference scheme which 18
stable. However, the problem is in general not of the kind to”’
which the methods of Lax and Richtmyer are easily applilcable.
Only for L2=0 may a simple stabllity criterlion be derived.,

This criterion has been used to adapt the Time interval AT to
the mech width ax and 4.

Tn the first difference scheme which we tried central

differences were used such as

. ) T (x+ex,y,E)- J{X-4AX,y,T,
(26) Kx(xﬁyﬁt)m o 2 A X °
When put on the computer the scheme proved to be stable for
small values of £L of the order of 0.7. However, for higher
values of £ strong instabilities developed causing almost

useless results at the North GSea value of Lr=0.0.
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In the second scheme Cthe stream and the elevation were
calculatea at duifferent points forming two interlacing nets.
otirll using central differences and making appropriate changes
at Tthe boundary we obtained only slightly hetter results than in
the previous scheme. It 18 not unlikely that the instabllity was
generatea at the corner points of the rectangular basin where
boundaries of differenc nature, ocean and coast, meet each other,

1he f'inal scheme which proved to be stable even for higher
values of £1 uses interlacing nets where each stream point (eleva-
ti1on point) 18 surrounded by a "sqguasre’ of elevation points
(stream pointg) (gee fig.5). The partiel derivatives were
replaced by averaged centrael differences, a tvpical example of
which 18

¥ (x,7,0) %
L SxXtex,y

AT The boundaries we used weizhted averages such as

szfsg-\"*!ﬁ\}(
4113

?ﬂ

(BO)KX(X.?O,,'U)&Q ""S"

This scheme has been successfully applied to a great variety of

cases. The program used meshes with & x=a8/24, ay=b /Mg, i.e. with

13 x 25 gstiream points and 12 x25 elevation points. The time step
At was about 5 min. The program could accept an arbitrary depth

function h(x,v) and a windfield of the type

(37) U(x,y,t) = U (x,y)U"(t)
V(}" .S‘L‘) - Vl(xjy)vﬂ(t} “

Ve first considered the analytical model discussed above. The
numerical results confirmed those obtained earlier by the analy-
tical method, which provided a checl: on eifther method, Figure 6
shows the values of §(um,0,t) for the step-sine windfield (11)

obtained by the two methods. Next we considered the same model

but with & non-uniform deptih h o' The tType
(32) h = h,  exp &y

with o = g~ and a harmonic mean of ‘65 m. so that h varies
between 30 m. and 160 m.

The exponential depth function (32) gives a much better approxl-
mation of the bottom profile of the North Sea and has The advan-
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tage that 1t also permits analytical methods (e.g. when
discussing the stationary problem, cf. N.S.P. III). Figure 6 also
shows the elevation at (%WQO) when the exponential depth (32) is
taken. The various values of max | are listed below

aprproximate analyltic expression 5.93
numerical method, uniform depth 6 .13
numerical method, exponential depth 5 .66
stationary elevation 5 28

The numerical method enabled us to assess the influence of the
damping constant 2 . %e have calculated §(§ﬁ30,t) for a number
of =~ -values for the model with the exponential depth (32) and
the step-sine windfield (11). The results are shown in figure 7.
Lt appears that the elevation is rather insensitive to small
variations of A .

Next we have considered a number of sine-windfields with
different values of w . Ye have plotted the resulting elevations
at (47,0) in figure 8. Some sort of resonance is shown at w =0.14
where max T = 6.383. This resonance is shown more clearly in
figure 9 where we have plotted max j(gn%ﬁyt) against w .

These calculations indicate that a storm with a sinusoidel
time behaviour is most dangerous when 1t has a devation - 1.e€.
the semi-period of the sine- of about 32 hours. Further cgaloulations

indicate that the worst directvion for a storm is one which
makes an angle of about 12° with the positive VY-axis. For the
North Sea this means a deviation of some 25° from the North in
Wlestern direction.
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